Abstract. Known classification results allow us to find the number of (equivalence classes of) fine gradings on matrix algebras and on classical simple Lie algebras over an algebraically closed field F (assuming char F = 2 in the Lie case). The computation is easy for matrix algebras and especially for simple Lie algebras of type Br (the answer is just r + 1), but involves counting orbits of certain finite groups in the case of Series A, C and D. For X ∈ {A, C, D}, we determine the exact number of fine gradings, N X (r), on the simple Lie algebras of type Xr with r ≤ 100 as well as the asymptotic behaviour of the average,N X (r), for large r. In particular, we prove that there exist positive constants b and c such that exp(br 2/3 ) ≤N X (r) ≤ exp(cr 2/3 ). The analogous average for matrix algebras Mn(F) is proved to be a ln n + O(1) where a is an explicit constant depending on char F.
Introduction
Let A be an algebra (not necessarily associative) over a field F and let G be a semigroup (written multiplicatively). If such a decomposition is fixed, A is referred to as a G-graded algebra. The support of Γ is the set Supp Γ := {g ∈ G | A g = 0}.
The reader may consult the recent monograph [EK13] for background on gradings. In particular, there is more than one natural equivalence relation on graded algebras, depending on whether or not it is desirable to fix G. In this paper we will use the following version, where G is not fixed.
Definition 2. Let Γ : A = g∈G A g and Γ ′ : B = h∈H B h be two graded algebras, with supports S and T , respectively. We say that the graded algebras A and B (or the gradings Γ and Γ ′ ) are equivalent if there exists an isomorphism of algebras ϕ : A → B and a bijection α : S → T such that ϕ(A s ) = B α(s) for all s ∈ S.
It is known that if Γ is a grading on a simple Lie algebra by any semigroup, then Supp Γ generates an abelian group (see e.g. [Koc09] or [EK13, Proposition 1.12]). From now on, we will assume that all gradings are by abelian groups, which will be written additively. The cyclic group Z/mZ will be denoted by Z m . We will also assume that the ground field F is algebraically closed.
The so-called fine gradings on an algebra (defined below) are of special importance since they reveal the structure of the algebra and its automorphism group (if char F = 0, then the fine gradings on a finite-dimensional algebra A correspond to maximal quasitori in the automorphism group of A).
Definition 3. Let Γ : A = g∈G A g and Γ ′ : A = h∈H A ′ h be two gradings on the same algebra, with supports S and T , respectively. We will say that Γ
′ is a refinement of Γ (or Γ is a coarsening of Γ ′ ) if for any t ∈ T there exists (unique) s ∈ S such that A ′ t ⊂ A s . If, moreover, A ′ t = A s for at least one t ∈ T , then the refinement is said to be proper. Finally, Γ is said to be fine if it does not admit any proper refinements (in the class of gradings by abelian groups).
Gradings have recently been classified for many interesting algebras (see e.g. [EK13] and references therein). In particular, a classification of fine gradings up to equivalence is known for matrix algebras over an algebraically closed field F of arbitrary characteristic [HPP98a, BSZ01, BZ03] and for classical simple Lie algebras except D 4 in characteristic different from 2 [Eld10, EK12c] . Type D 4 is different from all other members of Series D due to the phenomenon of triality. In [Eld10] , fine gradings on the simple Lie algebra of type D 4 are classified in characteristic 0; there are 17 equivalence classes. As to the exceptional simple Lie algebras, fine gradings are classified for type G 2 (char F = 2, 3) in [DM06, EK12a] , for type F 4 (char F = 2) in [DM09, EK12a] , and for type E 6 (char F = 0) in [DV] . The number of equivalence classes is, respectively, 2, 4 (only 3 in the case char F = 3), and 14.
In the present paper, we are interested in the number of (equivalence classes of) fine gradings for matrix algebras and for classical simple Lie algebras of Series A, C and D. It is easy to see that there are 2 fine gradings on sl 2 (F) (char F = 2). The number of fine gradings on a few other members of these series over C (and on their real forms) have been found in [HPP98b, PPS01, PPS02, Svo08] using the description of maximal quasitori ("MAD subroups") in [HPP98a] . The more recent classification results, as stated in [EK12c] and [EK13] , reduce the problem to counting orbits of certain finite groups, so the number of fine gradings can be computed, in principle, for any member of these series over an algebraically closed field of characteristic different from 2. Note that there is no work to be done for Series B because there are exactly r + 1 gradings on the simple Lie algebra of type B r (see [Eld10] or [EK13, §3.4]). We count the orbits using Burnside-CauchyFrobenius Lemma and the computer algebra system GAP (see [GAP] ) to obtain the exact number of fine gradings for simple Lie algebras of types A r , C r and D r up to r = 100 (see Tables 4, 6 and 8, respectively). The number of fine gradings on M n (F) is easily computed since it is expressed in terms of the partition function and the multiplicities of the prime factors of n. We state the answer for n up to 100 for completeness (see Table 1 ). The behaviour of the average number of fine gradings on M j (F) with j ≤ n as n → ∞ (Theorem 2) is derived from the known asymptotics of the number of abelian groups of order ≤ n [ES35] . We also establish the asymptotic behaviour of the average number of fine gradings for simple Lie algebras of Series A (Theorem 5), C (Theorem 7) and D (Theorem 9); this number exhibits intermediate growth: faster than any polynomial but slower than any exponential. The proof of these results is based on the asymptotic analysis of certain binomial coefficients (Section 6).
Matrix Algebras
Fine gradings on M n (C) were classified in [HPP98a] in terms of the corresponding "MAD subgroups" of PGL n (C). The approach in [BSZ01] was to look directly at the structure of the graded algebra, which allowed a generalization to M n (F) over any algebraically closed field [BZ03] . We state the classification using the notation of [EK12b, Corollary 2.6] and [EK13, §2.3]. We do not explain this notation here, as our present concern is the number of gradings and not their explicit form. The subscript M stands for matrices; later we will use subscripts A, C and D for the corresponding series of classical Lie algebras.
Theorem 1 ( [HPP98a, BZ03] ). Let Γ be a fine abelian group grading on the matrix algebra M n (F) over an algebraically closed field F. Then Γ is equivalent to some Γ M (T, k) where T is a finite abelian group of the form Z 2 ℓ1 × · · · × Z 2 ℓr (i.e., a Cartesian square), char F does not divide |T |, and kℓ 1 · · · ℓ r = n. Two gradings Γ M (T 1 , k 1 ) and Γ M (T 2 , k 2 ) are equivalent if and only if T 1 ∼ = T 2 and k 1 = k 2 .
It follows that the number of fine gradings on M n (F) is given by
where N ab (ℓ) is the number of (isomorphism classes of) abelian groups of order ℓ (Online Encyclopaedia of Integer Sequences A000688) and, if char F = p, the summation is restricted to ℓ that are not divisible by p.
Counting gradings. Factoring
, where p i = char F are distinct primes, we obtain N ab (ℓ) = P (m 1 ) · · · P (m s ) where P (m) denotes the number of partitions of a non-negative integer m (with the convention P (0) = 1). Hence, if n = p 
P (j). Table 1 displays the numbers N M (n) for n ≤ 100 in the case char F = 0, which were calculated using equation (2).
2.2. Asymptotic behaviour. The function N M (n) behaves irregularly, so we introduce the following: 1  1  2  2  3  2  4  4  5  2  6  4  7  2  8  7  9  4  10  4  11  2  12  8  13  2  14  4  15  4  16  12  17  2  18  8  19  2  20  8 n N M (n)  21  4  22  4  23  2  24  14  25  4  26  4  27  7  28  8  29  2  30  8  31  2  32  19  33  4  34  4  35  4  36  16  37  2  38  4  39  4  40  14 n N M (n)  41  2  42  8  43  2  44  8  45  8  46  4  47  2  48  24  49  4  50  8  51  4  52  8  53  2  54  14  55  4  56  14  57  4  58  4  59  2  60  16 n N M (n)  61  2  62  4  63  8  64  30  65  4  66  8  67  2  68  8  69  4  70  8  71  2  72  28  73  2  74  4  75  8  76  8  77  4  78  8  79  2  80  24 n N M (n)  81  12  82  4  83  2  84  16  85  4  86  4  87  4  88  14  89  2  90  16  91  4  92  8  93  4  94  4  95  4  96  38  97  2  98  8  99  8  100 16 Table 1 . Number of fine gradings, N M (n), on the matrix algebra M n (F), where char F = 0.
which is the average number of fine gradings on the algebras M j (F) with j ≤ n.
Theorem 2. Let F be an algebraically closed field of characteristic c. The following asymptotic formula holds:
In the case c = 0, the constant is
here ζ(·) is the Riemann zeta function. In the case c > 0, the constant is
The infinite product appearing in the formula for a c is a particular case of qPochhammer symbol (with q = 1/c) known in the theory of elliptic functions, theory of partitions, and elsewhere. In standard notation, it is abbreviated as
The numerical values of (c −2 ; c −1 ) ∞ for prime c ≤ 13 and the corresponding values of the constants a c are given in Table 2 . Numerical values of (c −2 ; c −1 ) ∞ and a c .
Proof. (a) Case char F = 0. We refer to the classical result [ES35] on the average number of abelian groups of order j with j ≤ n:
For simplicity denote the sum on the left side of (7) by F (n) and also set F (0) = 0 by definition. Then
The second sum has positive terms and is majorized by
here F (n) = O(n), the sum
is O(1) since its terms are O(j −3/2 ) by (7), while
This completes the proof for char F = 0.
where we set
Similarly to (a), the formula (4) with constant (6) will follow from the asymptotics of the summatory function
A proof of (8) is a slight variation of the proof of (7) given in [ES35] . The argument goes through with only one change: the prime c is not participating in any products. This results in the constant A 1 of [ES35] , which equals our a 0 , being replaced by
where the inner product runs over all primes p = c. Thus
Remark 1. The asymptotic formula (7) has been significantly refined by many later authors, see e.g. [Liu91, HB89] . There is little doubt that formula (4) can be refined similarly, but this endeavour is beyond the scope of the current paper.
Lie Algebras of Series A
The classification of fine gradings on all simple Lie algebras of Series A was established in [Eld10] for the case char F = 0. We state the result in purely combinatorial terms, as it appears in [EK12c] and [EK13, §3.3]. There are two types of gradings, which we distinguish using superscripts (I) and (II). The subscript A refers to the series of Lie algebras. We do not introduce the gradings explicitly because we are only interested in their number. A multiset in a set X is a function X → Z ≥0 that assigns to each point its multiplicity. If a group G acts on X, then it also acts on the multisets in X. The relevant group here is ASp 2m (2), the semidirect product Z Theorem 3 ( [Eld10, EK12c] ). Let F be an algebraically closed field, char F = 2. Let n ≥ 3 if char F = 3 and n ≥ 4 if char F = 3. Then any fine grading on psl n (F) is equivalent to one of the following:
where T is as in Theorem 1, k is a positive integer, k |T | = n, and k ≥ 3 if T is an elementary 2-group;
A (T, q, s, τ ) where T is an elementary 2-group of even rank, q and s are non-negative integers, (q + 2s) |T | = n, τ = (t 1 , . . . , t q ) is a q-tuple of elements of T , and t 1 = t 2 if q = 2 and s = 0.
Gradings belonging to different types listed above are not equivalent. Within each type, we have the following:
A (T 2 , q 2 , s 2 , τ 2 ) are equivalent if and only if T 1 ∼ = T 2 , q 1 = q 2 , s 1 = s 2 and, identifying T 1 = T 2 = Z 2m 2 , Σ(τ 1 ) is conjugate to Σ(τ 2 ) by the natural action of ASp 2m (2), where Σ(τ ) is the multiset for which the multiplicity of any point t is the number of times t appears among the components of the q-tuple τ .
Since, for Series A, the rank r is related to the matrix size n as n = r + 1, Theorem 3 implies that the number of fine gradings of Type I on the simple Lie algebra A r (r ≥ 2) is given by
where N M (n) is the number of fine gradings on M n (F), which is discussed in the previous section.
In order to calculate the number of fine gradings of Type II, we need to determine the number of orbits, N (m, q), of ASp 2m (2) on multisets of size q in T = Z 2m 2 . Clearly, N (m, q) does not exceed the total number of such multisets. Note that any multiset of size q determines a partition of the integer q by looking at the (nonzero) multiplicities and forgetting to which points in T they belong. Clearly, any permutation of T leaves invariant the set of multisets belonging to a fixed partition. Hence, we obtain bounds:
where P M (q) is the number of partitions of q into at most M positive parts. Note that ASp 2 (2) is the full group of permutations on Z 2 2 , hence the lower bound is achieved if m = 1. It is also achieved if q ≤ 2 because Sp 2m (2) acts irreducibly and hence ASp 2m (2) acts 2-transitively on Z 2m 2 . Another lower bound for N (m, q), which is better than that in (10) for any fixed m > 1 and sufficiently large q, comes from the obvious fact that the size of a G-orbit cannot exceed the size of G. Thus
where G m = ASp 2m (2). This bound is indeed better as q → ∞, because
is not the full group of permutations if m > 1, and it is known that
The upper bound in (10) and the lower bound (11) will be used to obtain asymptotic results in Section 6.
3.1. Counting orbits. We start with a few general remarks. It is customary to write partitions as decreasing sequences of positive integers: κ = (k 1 , . . . , k ℓ ), where
) where q 1 > . . . > q s and the superscript (ℓ j ) indicates the number of times the value q j is repeated; j ℓ j = ℓ. For example, (4, 4, 4, 3, 1) can be written as (4 (3) , 3
(1) , 1 (1) ) or just (4 (3) , 3, 1). When working with partitions of length ≤ M for a fixed M , it is sometimes convenient to append zeros at the end so the total number of parts is formally M . For example, with M = 7, the partition (4 (3) , 3, 1) may be written as (4 (3) , 3, 1, 0 (2) ). Let T be a set of M elements. As pointed out above, any multiset of size q in T determines a partition κ ⊢ q of length ≤ M , and the set of all multisets belonging to a fixed κ ⊢ q is invariant under any group G acting on T . For T = Z 2m 2 and G = G m , let N (m, κ) be the number of orbits in this set. Thus
Similarly, a partition κ = (q
) of length M determines a partition of M given by sorting the sequence (ℓ 1 , . . . , ℓ s ). If κ has length ℓ < M , we write κ = (q
(M−ℓ) ) and sort the sequence (ℓ 1 , . . . , ℓ s , M − ℓ). In other words, we regard κ as a multiset of size M in Z ≥0 and assign to it a partition of M as was done before to multisets in T . For example, with M = 7, the partition (4, 4, 4, 3, 1) gives (3, 2, 1, 1).
If
are partitions of length ≤ M that determine the same partition of M , then there is a bijection ϕ :
If T is a set of M elements, then post-composition with any such ϕ defines a bijection from the multisets in T belonging to κ to those belonging to κ ′ . Clearly, this bijection is G-equivariant for any group G acting on T . In particular, we have N (m, κ) = N (m, κ ′ ). The above remarks show that, for a fixed m, the structure of G m -orbits on multisets of all sizes in T = Z 2m 2 is determined by the orbits belonging to a finite number of partitions. However, this number is very large:
For small values of m and q, one can find the orbits on multisets of size q using a standard function of GAP. (To speed up the calculation, one can work separately with multisets belonging to each partition κ ⊢ q.) If we do not need representatives of the orbits (say, in order to construct explicitly all fine gradings of Type II on a simple Lie algebra of Series A) and just want to count their number then we can use the following well-known fact.
Lemma 4 (Burnside-Cauchy-Frobenius). Let G be a finite group acting on a finite set X. Then the number of orbits equals the average number of fixed points:
where Fix(g) is the number of points in X fixed by g.
An important addition to this lemma is the observation that if g and g ′ are conjugate, then Fix(g) = Fix(g ′ ), so
where the summation is over the conjugacy classes of G, with g i and c i being a representative and the size of the i-th class. The number of conjugacy classes in G m is small compared to |G m |. We also used the following observation to make the calculation of the number of fixed points more efficient. Let g be a permutation on a set T of size M and let λ = (λ 1 , . . . , λ ℓ ) ⊢ M be the cycle structure of g, i.e., the λ j are the cycle lenghs of g (including the trivial cycles). Let κ be a partition of length ≤ M and let µ = (µ 1 , . . . , µ s ) be the corresponding partition of M . Then the number of fixed points of g among the multisets in T belonging to κ is equal to the number of functions ϕ : {1, . . . , ℓ} → {1, . . . , s} such that j : ϕ(j)=k λ j = µ k for all k = 1, . . . , s. We denote this number by f (λ, µ). Informally, f (λ, µ) is the number of ways to fit ℓ pigeons of volumes given by λ into s holes of capacities given by µ so that each hole is filled to its full capacity. For example, for λ = (1 (M) ) and µ = (M ) we have f (λ, µ) = 1; for λ = (M ) and µ = (1 (M) ) we have f (λ, µ) = 0; for λ = (3, 3, 2) and µ = (5, 3) we have f (λ, µ) = 2. (Pigeons are distinguishable even if they have the same volume; holes are distinguishable even if they have the same capacity.) Hence equation (13) can be rewritten as
where c(λ) is the sum of c i over all i such that g i has cycle structure λ. Finally, let P µ (q) be the number of partitions κ ⊢ q of length ≤ M such that the corresponding partition of M is µ. Then, in view of (14), we can rewrite (12) as follows:
Note that the number of partitions λ that actualy occur in the sum is at most the number of conjugacy classes of G m ; the number of partitions µ that actually occur is bounded by P 2 2m (q) ≤ P (q).
In GAP, we defined G m by converting Sp 2m (2) to a permutation group on M = 2 2m points and adding one generator for the translation by a nonzero vector. Then we obtained representatives and sizes of conjugacy classes using a standard function and found the numbers N (m, q) using (15). Some of these numbers are shown in Table 3 .
Remark 2. Alternatively, one can use a reformulation of (15) in terms of generating functions afforded by Pólya's Theorem. Namely, the generating function g m (t) = 1 + ∞ q=1 N (m, q)t q is given by
where Z m (x 1 , x 2 , x 3 , . . .) is the cycle index of G m , i.e., the sum of the terms
where k i is the number of parts of λ ⊢ M that are equal to i. The numbers N (m, q) can be obtained using a computer algebra system to expand g m (t) into a power series at t = 0. Table 3 . Number of orbits, N (m, q), of ASp 2m (2) on the set of multisets of size q in T = Z 2m 2 .
Counting gradings. The number of fine gradings of Type I, N (I)
A (r), is given by equation (9), see also Table 1 . As to Type II gradings, we will use the following notation. For n = 2 α k where k is odd, set
with the convention N (0, q) = 1 for all q. Then Theorem 3 implies that the number of fine gradings of Type II, N
A (r), is given by A (r) must be adjusted to exclude the prime factor p when it divides r + 1. The case A 2 requires special treatment if char F = 3; the number of fine gradings turns out to be 2 instead of 3.
3.3. Asymptotic behaviour. The function N A (r) behaves irregularly, so we use averaging similar to (3). We record for future reference: Proof. The number of fine gradings of Type II is given by (17), and Theorem 11 implies that the logarithm of the average number is b(r + 1)r 2/3 + O((ln r) 2 ). The number of fine gradings of Type I is given by (9), and Theorem 2 implies that the average number is asymptotically negligible compared to Type II. The result follows.
Lie Algebras of Series C
For Series C and D, the classification of fine gradings (see e.g. [EK13, §3.5, 3.6]) requires a certain action of Sp 2m (2) on T = Z 2m 2 , which is different from the natural action (cf. [DM96, p.245]). The group Sp 2m (2) = Sp(T ) is defined as the group of isometries of a nondegenerate alternating bilinear form on T , say, the following: Table 4 . Number of fine gradings, N A (r), on the simple Lie algebra of type A r assuming char F = 0.
(This is the form used by GAP to define symplectic groups.) Now consider the quadratic form
Clearly, the bilinear form (19) is the polar of Q, i.e., (x, y) = Q(x+ y)− Q(x)− Q(y) for all x, y. But since we are now in characteristic 2, Q cannot be expressed in terms of the bilinear form and, consequently, an element A ∈ Sp(T ) does not necessarily preserve Q. One verifies that the mapping x → Q(A −1 x) + Q(x) is linear (a peculiarity of the field of order 2), so there exists unique t A ∈ T such that
It follows that Q(Ax + t A ) = Q(x) + Q(t A ) for all x. Let T + = {x ∈ T | Q(x) = 0} and T − = {x ∈ T | Q(x) = 1}.
One verifies that |T ± | = 2 m−1 (2 m ± 1). Since the mapping x → Ax + t A is bijective and |T + | = |T − |, it cannot swap T + and T − , hence Q(t A ) = 0 and Q(Ax + t A ) = Q(x) for all x.
Definition 4. For x ∈ T and A ∈ Sp(T ), define A · x = Ax + t A . One verifies that the mapping Sp(T ) → ASp(T ) = T ⋊ Sp(T ), A → (t A , A), is a homomorphism, so · is an action of Sp(T ) on T , which we call the twisted action to distinguish from the natural one.
By construction, the twisted action of Sp(T ) preserves Q, i.e., T + and T − are invariant subsets. One can show that the twisted action is 2-transitive on each of T + and T − .
Theorem 6 ([Eld10, EK12c]).
Let F be an algebraically closed field, char F = 2. Let n ≥ 4 be even. Then any fine grading on sp n (F) is equivalent to Γ C (T, q, s, τ ) where T is an elementary 2-group of even rank, q and s are non-negative integers, (q + 2s) |T | = n, τ = (t 1 , . . . , t q ) is a q-tuple of elements of T − , and t 1 = t 2 if q = 2 and s = 0. Moreover, Γ C (T 1 , q 1 , s 1 , τ 1 ) and Γ C (T 2 , q 2 , s 2 , τ 2 ) are equivalent if and only if T 1 ∼ = T 2 , q 1 = q 2 , s 1 = s 2 and, identifying T 1 = T 2 = Z 2m 2 , Σ(τ 1 ) is conjugate to Σ(τ 2 ) by the twisted action of Sp 2m (2) as in Definition 4.
Hence, to calculate the number of fine gradings on simple Lie algebras of Series C, we need to determine the number of orbits, N − (m, q), of the twisted action of Sp 2m (2) on multisets of size q in T − ⊂ Z 2m 2 . Similarly, we will need N + (m, q) for Series D. By the same argument as for (10), we obtain the following bounds:
where P k (q) is the number of partitions of q into at most k positive parts. Note that if m = 1 then we have |T + | = 3 and |T − | = 1, so Sp 2 (2) acts as the full group of permutations on T + and on T − , hence the lower bound is achieved in this case. It is also achieved if q ≤ 2 because of 2-transitivity. An alternative lower bound, similar to (11), is the following:
where G m = Sp 2m (2). This will be used in Section 6 to obtain asymptotic results.
Counting orbits.
Using the same method as in the previous section, we can compute the numbers N − (m, q). Some of them are displayed in Table 5 . We note that if m = 2 then |T − | = 6, so Sp 4 (2) acts as the full group of permutations on T − (but not on T + ). Hence the lower bound (21) for N − (2, q) is achieved. 4.2. Counting gradings. We will use the following notation. For n = 2 α k where k is odd, set
with the convention N + (0, q) = 1 for all q and N − (0, q) = δ 0,q (Kronecker delta). Since, for Series C, the rank r is related to the matrix size n as n = 2r, Theorem 6 implies that the number of fine gradings, N C (r), on the simple Lie algebra C r (r ≥ 2) is given by
We calculated these numbers for r ≤ 100. The results are stated in Table 6 , where we included the case C 1 = A 1 for completeness. Note that if r is odd, then (23) involves only m = 0 and m = 1, hence N C (r) = ⌊r/2⌋ + 2.
Asymptotic behaviour.
The following is an immediate consequence of (24) and Theorem 13:
Theorem 7. Let F be an algebraically closed field, char F = 2. LetN C (r) be defined by (18). The following asymptotic formula holds:
where b − (·) is the bounded continuous function defined by (46) and described in Lemma 15. In particular,
is the function in Theorem 5.
Lie Algebras of Series D
This case is very similar to Series C, which was described in the previous section.
Theorem 8 ( [Eld10, EK12c] ). Let F be an algebraically closed field, char F = 2. Let n ≥ 6 be even. Assume n = 8. Then any fine grading on so n (F) is equivalent to Γ D (T, q, s, τ ) where T is an elementary 2-group of even rank, q and s are nonnegative integers, (q + 2s) |T | = n, τ = (t 1 , . . . , t q ) is a q-tuple of elements of T + , and t 1 = t 2 if q = 2 and s = 0. Moreover, Γ D (T 1 , q 1 , s 1 , τ 1 ) and Γ D (T 2 , q 2 , s 2 , τ 2 ) are equivalent if and only if T 1 ∼ = T 2 , q 1 = q 2 , s 1 = s 2 and, identifying Table 6 . Number of fine gradings, N C (r), on the simple Lie algebra of type C r assuming char F = 2.
As mentioned in the introduction, the Lie algebra so 8 (F) (type D 4 ) requires special treatment.
5.1. Counting orbits. We can compute the numbers N + (m, q) in the same way as N − (m, q) (see Table 5 ). Some of the N + (m, q) are displayed in Table 7 . Table 7 . Number of orbits, N + (m, q), of Sp 2m (2) on the set of multisets of size q in T + ⊂ Z 2m 2 .
Counting gradings.
Since, for Series D, the rank r is related to the matrix size n as n = 2r, Theorem 8 implies that the number of fine gradings, N D (r), on the simple Lie algebra D r (r = 3 or r ≥ 5) is given by
where f + is defined by (23). We calculated these numbers for r ≤ 100. The results are stated in Table 8 . For completeness, we included the case D 4 from [Eld10] (where it is assumed that char F = 0), for which the number of fine gradings is 17 instead of 15 given by the above formula. Note that if r is odd, then (23) 85  9866  86  15332525  87  10543  88 2848498443  89  11250  90  22842458  91  11988  92 7213746853  93  12758  94  33520718  95  13560  96 17847717516  97  14395  98  48505808  99  15264  100 43141937237   Table 8 . Number of fine gradings, N D (r), on the simple Lie algebra of type D r assuming char F = 2 (char F = 0 for r = 4).
Asymptotic behaviour.
The following is an immediate consequence of (25) and Theorem 13:
Theorem 9. Let F be an algebraically closed field, char F = 2. LetN D (r) be defined by (18). The following asymptotic formula holds:
where b + (·) is the bounded continuous function defined by (46) and described in Lemma 15. In particular, b + (t) = b(t) + O(t −1/3 ) where b(·) is the function in Theorem 5.
6. Asymptotics of the number of fine gradings for Series A, C and D
The asymptotic formulas stated in Theorems 5, 7 and 9 follow from similar (rough) estimates for the functions f 0 (n) and f ± (n) defined by (16) and (23), respectively. In the case of f ± (n), only even values of n are relevant. Definê
Asymptotic analysis of the functionsf 0 andf ± will be essentially based on solution of the constrained optimization problem (26) u(x, y) := (x + y) ln(x + y) − x ln x − y ln y → max,
as well as on the analysis of similar but more delicate problems (slightly different in the three cases) with certain integrality constraints imposed on the arguments of the function u. The latter problems will be dealt with in the course of the proof of Theorems 11 and 13. At present, let us introduce functions and constants needed to state Theorem 11. The problem (26) is equivalent to maximizing the function
The critical point equation v ′ (x) = 0 can be transformed to a convenient short form, see (29) below, by writing v = xw(x 3 ), where
Some properties of the function u and the solution of problem (26) are summarized in the next lemma for reference.
Lemma 10. (a) The function u(x, y) increases in both arguments and is homogeneous of degree 1, i.e., u(tx, ty) = tu(x, y).
where z 0 is the unique positive root of the transcendental equation
The second collection of constants and functions pertains to the first "more delicate" optimization problem mentioned above.
Consider the transcendental equation involving the function (27),
It has a unique positive root x 1 ≈ 0.800203. Define also
Due to (30), the function
is continuous in the interval [x 0 , 2x 0 ]. We will use this fact in the last set of preliminaries, which follows.
For t ≥ 1, let φ(t) be the multiplicative excess of t over the greatest whole power of 2 below t, i.e., (33) φ(t) = t 2 ⌊log 2 t⌋ .
Clearly, 1 ≤ φ(t) < 2 and φ(2t) = φ(t).
Next, for t ≥ x 3 0 , where x 0 is defined in (28), let (34)
and define
The function b(t) is continuous, logarithmically periodic in the sense that b(8t) = b(t), and has bounds
The upper bound is attained when x We are now prepared to state the theorem describing the asymptotic behaviour off 0 (n).
Theorem 11. There exists a constant C > 0 such that
where the function b(·) is defined in (35). It is continuous, has property b(8t) = b(t), and its lower and upper bounds are given in (36).
. Therefore, it suffices to prove the desired estimate for f * (n) instead off 0 (n). (The letter C will denote a constant that may have different values in different formulas.)
Observe that in the sum (16) defining f 0 (n) the number of summands is O(n ln n). Hence, repeating the above argument, we see that
where N * is the largest summand. Now, the summands have the form N (m, q), which are the numbers of orbits as described in Section 3. From (10) and (11) we obtain the inequalities:
where B(m, q) stands for the binomial coefficient
The required upper bound for N * , and hence for f * (n), follows from the inequality (38) max
which will be proved in Lemma 12.
To obtain the desired lower bound for N * , it suffices to show that for each n there exist m * and q * with 2 m * q * ≤ n such that the following two inequalities hold with C independent of n:
ln |G m * | ≤ 2 9 ln 2 (ln n) 2 + C ln n,
The inequality (40) will be proved in Lemma 12, with m * satisfying the estimate 2
We claim that this implies (39). Indeed, it is well known that
hence we have
Therefore,
as claimed.
Then ln B * (t) = b(t) t 2/3 + O(ln t). Moreover, there exist q * and m * such that ln B(m * , q * ) = b(t) t 2/3 + O(ln t) and q * ≤ Ct 2/3 , 2
Proof. Set M := 2 2m . Let us discard the trivial case q = 0, which clearly does not provide maximum. So ln M and ln q are defined and nonnegative.
The condition q √ M ≤ t implies ln q ≤ ln t and ln M ≤ 2 ln t. Since | ln
where the function u(·, ·) is defined in (26). Again, due to the estimates ln q ≤ ln t and ln M ≤ 2 ln t, we obtain
so we come to the optimization problem
with a strong additional restriction: q ∈ Z >0 and M = 2 2m where m ∈ Z ≥0 . Without this restriction, as Lemma 10 tells us, the maximum would be equal to b 0 t 2/3 and attained at q 0 = x 0 t 2/3 , M 0 = y 0 t 2/3 . The idea is to get our q * and M * close to these values. Suppose first that M is fixed and our only freedom is a choice of q, which is a nonnegative integer. To maximize u(q, M ) under the constraint qM 1/2 ≤ t, we should choose the largest possible q, i.e., q = ⌊tM −1/2 ⌋. With this value of q we have u(q, M ) = u(tM −1/2 , M ) + O(ln t). Therefore, the integrality condition on q can be ignored. Now we write q = xt 2/3 , where q > 0 is no longer assumed to be integer, and M = x −2 t 2/3 . Thus we arrive at the following simplified optimization problem:
Since the function v(x) is increasing in (0, x 0 ) and decreasing in (x 0 , ∞), the optimal value of m is either ⌊µ⌋ or ⌈µ⌉. Looking at (34), we see that, in the case m = ⌊µ⌋,
while in the case m = ⌈µ⌉ (µ / ∈ Z),
Denote for a moment x(t) = x 0 λ(t). Then we have x = x(t) in the first case and x = x(t)/2 in the second case. Recalling the definition (31) of b 1 , we see that the inequality v(x(t)) ≥ v(x(t)/2) holds if and only if x(t) ≤ x 1 . In view of (32) and (35), we conclude that the solution of the optimization problem (41) is exactly b(t).
The claimed asymptotics of ln B * (t) follows. Finally, note that the values m * = ⌊µ⌋ or ⌈µ⌉ (chosen as explained above) and q * = ⌊x(t)t 2/3 ⌋ or ⌊ x(t) 2 t 2/3 ⌋ (respectively) satisfy the required conditions.
To state Theorem 13 we need two more function, b ± (t), which will play the role of b(t) in Theorem 11. We begin with substitutes for the function v(x) defined by (27), which are
Here x, τ > 0; in the case of v − τ we also assume that x −2 − τ x −1 > 0. By the Implicit Function Theorem (IFT), for sufficiently small τ the transcendental equation Similarly to (32), (34) and (35), we definẽ
where φ(·) is defined in (33). (Note that b ± (t) are defined for sufficiently large t.)
The behaviour of the functions b ± (t) with small τ is similar to that of b(t). In particular, they are positive, bounded, and separated from zero (see Lemma 15, below, for more precise information).
Theorem 13. There exists a constant C > 0 such that
where the functions b ± (·) are defined in (46).
Proof. We follow the proof of Theorem 11 with minor modifications, so we only describe the changes that need to be made. The cases of f + (n) and f − (n) are completely analogous; their only difference is the sign + or − in various formulas. In the estimate (37), the group is now G m = Sp 2 (m) and B(m, q) stands for the binomial coefficient 
Then ln B * (t) = 2 −1/3 b ± (t) t 2/3 + O(ln t). Moreover, there exist q * and m * such that ln B(m * , q * ) = 2 −1/3 b ± (t) t 2/3 + O(ln t) and q * ≤ Ct 2/3 , 2
Proof. As in the proof of Lemma 12, maximization of B * (t), to the accuracy of O(ln t), reduces to maximization of u(q, M ) under the constraints
the condition q ∈ Z is dropped here.
and
The rest of the proof repeats that of Lemma 12.
The functions b ± (t) used in Theorem 13 can be computed by (46) and preceding formulas. However, understanding of their qualitative behaviour is obscured by the involvement of the parameter τ . It is desirable to have simpler even if approximate expressions for b ± (t) in terms of functions of just one variable. This is the purpose of Lemma 15. Informally it says that for large t, on every interval between t and 8t with deleted subinterval of size O(t −1/3 ) the functions b ± (t) have two-term asymptotics (51), while if the exceptional subintervals are not deleted, then there is a uniform but less precise approximation (49). If we replace b ± (t) in Theorem 13 by their asymptotics (51), the error terms O(t −2/3 ) give rise to the error of order O(1) in the middle part of the inequality (47), which can be discarded at the expense of a possible increase of the constant C.
The exceptional intervals are O(t −1/3 )-neighbourhoods of values of t corresponding to the switching point of maximum in (32). In those intervals, b ± (t) = b 1 + O(t −1/3 ) with b 1 as in (31) and (36). For the corresponding values of n in (47), our simplified estimate (49) yields a coarser asymptotics,
Lemma 15. (i) The functions b ± (t) are continuous and bounded. Moreover,
where b(t) is defined by (35).
(ii) Recall x 0 defined in Lemma 10 and x 1 defined by (30). There exists C > 0 such that for all sufficiently large t satisfying
we have
where b (1) (t) is a bounded function given by the formula of a type similar to (35):
(52) b (1) (t) = ln(1 + x 3 (t)) x(t) , x(t) = x 0 λ(t) if x 0 λ(t) < x 1 , (x 0 /2)λ(t) if x 0 λ(t) > x 1 .
In particular, b
(1) (8t) = b (1) (t).
Proof. Let us analyse the function b + (·), say. To lighten notation, we will write v τ instead of v + τ , etc., when referring to the functions (42)-(45). Whenever the behaviour of a function with subscript τ with respect to t is discussed, it will be assumed that τ = (2t) −1/3 unless stated otherwise. with uniform remainder term for x ∈ I 0 . The same approximation holds true with x replaced by x/2 and consequently forṽ τ (x) andṽ(x) instead of, respectively, v τ (t) and v(x), cf. (32) and (44). Thus we obtain the asymptotics (49). The function b + (t) is certainly continuous at all points of continuity of λ τ (t). In order to check its continuity for all values of t, it remains to consider the points where λ τ (t) has jump discontinuities. If t = θ is such a point, then there are two limit values of x 0,τ λ τ (t) as t → θ, namely, x 0,τ and 2x 0,τ . Hence, the limit values of b + (t) areṽ τ (x 0,τ ) andṽ τ (2x 0,τ ). But these are equal by definition (44) ofṽ τ .
(ii) We introduce two auxiliary functions of the variables t and τ , temporarily considered as independent:
(53) β k (t, τ ) = v τ x 0,τ k · φ t 1/3
x 0,τ , k ∈ {1, 2}.
Then b + (t) = max k β k (t, (2t) −1/3 ).
Let us analyse more carefully which of the two values of k provides the maximum and where the switch between k = 1 and k = 2 occurs. By IFT, for sufficiently small values of τ the equation v τ (x/2) = v τ (x) has a unique root x 1,τ in the interval [x 0 , 2x 0 ], and x 1,τ = x 1 + O(τ ). (We omit a verification of applicability of IFT, which amounts to numerical evaluation with guaranteed maximum error.)
In the interval x ∈ [x 0,τ /2, 2x 0,τ ] the function v τ (x) has maximum at x 0,τ = x 0 +O(τ ); it is increasing for x < x 0,τ and decreasing for x > x 0,τ . Hence, to obtain b + (t), we must substitute τ = (2t) −1/3 and take k = 1 if φ(t 1/3 /x 0,τ ) ≤ x 1,τ /x 0,τ and k = 2 otherwise.
We claim that the condition ⇒ (φ τ −ξ τ > 0). By a standard argument with triangle inequality, it suffices to show that |φ 0 −φ τ | < Cτ /2 and |ξ 0 − ξ τ | < Cτ /2. The latter inequality with appropriate C is equivalent to the obvious estimate (x 1,τ /x 0,τ ) − (x 1 /x 0 ) = O(τ ). As for the former one, note that φ(·) is linear homogeneous on its intervals of continuity, so
The estimate φ 0 − φ τ = O(τ ) follows.
The rest is simple: once k is determined by the value of φ(x −1 0 t 1/3 ), we write
Here β k (t, 0) = b(t) and the second term has the form b (1) (t)τ . Since ∂ τ β(t, 0) depends on t only through the function φ(x −1 0 t 1/3 ) in the argument of v ′ (·), it is clear that b
(1) (t) is bounded and b (1) (t) = b (1) (8t). It remains to complete calculation of b
(1) (t). It will follow that the result in the case of b − (t) differs from that in the case of b + (t) just in sign.
Observe that the argument of the function v τ in (53) is locally constant, hence (∂/∂τ )β k (t, τ ) = (∂v τ /∂τ )(. . . ). Looking at the definition (42) of the functions v Taking k = 1 or 2 according to the sign of x 0,τ φ(t 1/3 /x 0,τ ) − x 1 , we come to the formula (52).
